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Abstract— This letter presents the joint reconstruction of
unknown subsurface structures by the full-wave inversion (FWI)
and reverse time migration (RTM) imaging. In the FWI, the 1-D
distorted Born iteration method (DBIM) is employed to retrieve
the dielectric parameters of the layered subsurface medium by
minimizing the difference between measured fields and calculated
fields via Fréchet derivatives. Based on the inversion results,
the RTM is directly performed in the frequency domain to image
the buried objects using the ground-penetrating radar (GPR)
data. Numerical and laboratory experiments show that the
proposed joint method can be used to reconstruct the subsurface
structures reliably and efficiently.

Index Terms— 1-D distorted born iteration method (1-D
DBIM), ground-penetrating radar (GPR), reverse time
migration (RTM).

I. INTRODUCTION

REVERSE time migration (RTM) is usually recognized as
superior to other migration algorithms in imaging accu-

racy. It is to extrapolate the source wavefields and the time-
reversed receiver wavefields, and then overlap the imaging
result of each shot to obtain the final imaging profile [1].
RTM has been widely applied to seismic exploration [2],
image reconstruction for optical tomography [3], complex
sea anisotropic imaging [4], and reflectivity map reconstruc-
tion in subsurface layered media by borehole radars [5].
The traditional RTM is performed by finite-difference time
domain (FDTD) method to calculate the forward and back-
ward wavefield extrapolation [6], and has been improved to
accommodate lossy and dispersive media [7]. The recently
proposed RTM in the frequency domain (FRTM) has the
tremendous computation speed advantage over RTM in the
time domain (TRTM) when the subsurface structure is hor-
izontally layered [8]. The reason is that the layered medium
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dyadic Green’s functions (DGFs) are computed in advance and
saved, and directly loaded when RTM is performed. However,
no matter for TRTM or FRTM, the result is sensitive to the
input of the velocity model of the background medium [9],
which is mainly determined by the dielectric parameter and
thickness of each layer. An inaccurate initial velocity model
of the background medium can cause position shift or shape
distortion of the buried object image [10], [11].

Several inversion methods have been proposed to determine
the background dielectric parameters in ground-penetrating
radar (GPR) applications. They mainly include the travel-
time measurement [12]–[14]; full-wave inversion (FWI) in
the time domain [15], [16], in the frequency domain [17],
as well as in the spectral domain [18]; and the plane-wave
approximation of FWI [19], [20], which can achieve the same
computation accuracy as FWI but runs much faster. In this
letter, we use a fast but rigorous 1-D FWI, the distorted
Born iteration method (DBIM), to invert for the unknown
dielectric parameters of the layered subsurface medium first,
and then combine the obtained model parameters with the
FRTM algorithm to reconstruct the buried objects. Both the
DBIM and FRTM are performed in the frequency domain.
We first validate the proposed method by numerical simulated
GPR data and then conduct an experiment in a sandpit in the
laboratory to further verify the accuracy and feasibility of the
method.

This letter is organized as follows. In Section II, we intro-
duce the procedure of the FRTM and DBIM inversion of
dielectric constants. In Section III, we present the implemen-
tation of our algorithm in a simulation model. In Section IV,
a laboratory experiment is conducted to demonstrate the fea-
sibility of the algorithm in practical engineering applications.
Finally, we make conclusion and future remarks in Section V.

II. THEORY

One of the common velocity models used for RTM of
real GPR data is the horizontally layered structure. In such a
scenario, electromagnetic (EM) waves collected by receivers
include direct coupling from transmitters, reflected waves from
layer boundaries, and scattered waves from buried objects.
The model parameters of unknown layered background media
include �n, σn , and dn , which represent permittivity, conduc-
tivity, and vertical depth of the nth layer, respectively. In this
letter, the dispersion of the underground medium is not consid-
ered. Thus, �n in each layer has no variation with frequency.
The conductivity is mainly caused by moisture. However,
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numerical simulations show that the effects of conductivity
on the retrieved permittivity of each subsurface layer and the
RTM of GPR data are negligible if its value is in the order or
less than 1 mS/m. Therefore, we set the conductivity less than
1 mS/m and only retrieve two sets of unknowns �n and dn

in this letter. In both simulations and laboratory experiments,
we designed similar models to verify the method.

A. FRTM Imaging

The detailed procedure of FRTM was presented in our
previous work [8]. The basic idea is to directly perform
summation of all the wavefields in the frequency domain. The
image condition is compactly written as

I (r) = 1

2π

∫ +∞

−∞
Us(r, ω)Ur (r, ω)e jωT dw (1)

where Us(r, ω) and Ur (r, ω) are the Fourier spectra of the
source wavefield and the receiver wavefield, respectively. r is
the spatial sampling position in the imaging domain, T is the
time window of the recorded GPR traces, and ω is the angular
frequency. Us(r, ω) and Ur (r, ω) are computed by multiplying
DGFs with the corresponding spectra of source wavelet and
receiver signals [8]

Us(r, ω) = G(r, rs , ω) · S(rs , ω) (2)

Ur (r, ω) = G(r, rr , ω) · R∗(rr , ω)e− jωT (3)

where G is the DGF. S(rs, ω) and R(rr , ω) are the spectra of
the source waveforms excited at the source location rs and the
recorded signals at the receiver location rr , respectively. The
superscript * represents the complex conjugate. When FRTM
is implemented, DGFs are directly loaded to improve the
computation efficiency. However, G depends on the dielectric
parameters and layer configuration of the subsurface medium.
Therefore, they must be evaluated first.

B. Dielectric Parameter Inversion

In our previous work [21], 1-D DBIM has been successfully
used to invert for the conductivity of the layered underground
structure from grounded electrical-source airborne transient
EM (GREATEM) data. In this letter, we take the similar pro-
cedure but use the 1-D DBIM to invert for the permittivity of
the layered subsurface structure from GPR data. In the forward
modeling, we use the Fréchet derivative to calculate the EM
response at the receivers on account of a small perturbation of
the permittivity in a certain layer of the subsurface medium.
Maxwell’s equations with an electric current source are given
as

∇ × E = − jωμ0H (4)

∇ × H = jωεE + J (5)

where ε is the unknown dielectric constant. The dipole antenna
source is expressed as

J = Ilδ(r − r′) (6)

where Il represents the electric dipole moment. Assume that
a small perturbation δεn is generated for the permittivity of

the nth layer. By substituting the small perturbation into (4)
and (5), we obtain the field perturbation equation as

∇ × δE(rr , rs) = − jωμ0δH(rr , rs) (7)

∇ × δH(rr , rs) = jωεδE(rr , rs) + J′(r) (8)

where J′(r) = jωδεnE is treated as the equivalent source, rr

and rs are the receiver and source locations, respectively, and
r represents a location in the perturbed layer. A matrix linking
the perturbation δε in each layer and the field perturbation at
receivers is the Fréchet derivative matrix F [21].

In the inversion, we retrieve the permittivity of each layer
from the measured fields at receivers. The cost function for
DBIM is defined as

C(δεm+1) = ‖δf − F · δεm+1‖2

‖fmea‖2 + γ 2 ‖δεm+1‖2

‖εm‖2 (9)

where ‖ · ‖ represent the L2-norm, fmea is the measured field,
δf denotes the difference between the measured and predicted
fields, F is the Fréchet derivative matrix, F · δεm+1 represents
the field variation caused by the permittivity vector update δε
in the (m + 1)th iteration, and γ is a regularization factor.
Minimization of (9) is equivalent to solving the following
equation [22]:(

F∗F
‖fmea‖2 + γ 2

‖εm‖2

)
δεm+1 = F∗δf

‖fmea‖2 (10)

where the F∗ represents the conjugate transpose of F. In this
letter, we use the conjugate gradient (CG) method to solve (10)
iteratively. The flowchart of the entire DBIM procedure is
given in [21]. We also define the relative error of the retrieved
permittivity of the background medium as

err = ‖εr − ε‖
‖εr‖ (11)

where εr and ε are the retrieved and true permittivity vec-
tor, respectively. We keep updating εr to minimize the cost
function and obtain the best result.

III. NUMERICAL RESULTS

In this section, we design a numerical model to demonstrate
the effectiveness and accuracy of the proposed algorithm.
As shown in Fig. 1(a), there are two layers underground, with
the relative permittivity εr2 = 2.2 and εr3 = 4.8, respectively.
Their conductivity is set as 1 mS/m. The layer boundary is
located at z = 0.25 m. A metal sphere with the radius of
7 cm and a plastic sphere with a radius of 6 cm are buried
in the subsurface region. We perform three sets of numerical
simulations to investigate how the depth of the buried objects
and their horizontal distance affect the proposed joint method.
The depths of two spheres are set as dv = 0.105, 0.22, and
0.35 m, respectively. In each set of numerical experiments,
the distance dh between two spheres changes from 0.13 to
0.85 m with an interval of 0.08 m. The GPR data are simulated
with a pair of dipole antennas with the common-offset (CO)
of 10 and placed 20 cm above the ground surface. The source
wavelet is the Blackman–Harris window (BHW) function with
the center frequency of 1.4 GHz. The CO GPR profiles
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Fig. 1. Simulation model with two subsurface layers. The dipole antenna
moves 20 cm over the ground. (a) Simulation model. (b) Imaging result.
Only the configuration and RTM result for dv = 0.22 m and dh = 0.61 m
are illustrated.

contain 141 traces with a step of 1 cm. All the simulations are
performed using a commercial FDTD simulation software.

In the inversion process, we first reconstruct the dielectric
parameters of subsurface layers and then perform FRTM to
reconstruct the subsurface image. Besides the two unknowns
εr2 and εr3, the boundary position between the second and
third layers is also unknown. Unfortunately, the 1-D DBIM
algorithm proposed in Section II-B can only retrieve the
dielectric constants in each layer when the layer boundaries are
known. Therefore, we try different layer boundary positions z
to minimize the cost function (9). Let

z = z0 + (n − 1)�d (12)

where z0 is the beginning value of z, �d is the increment step
in each trial, and n is an integer number used for calculating
the variate z during the iteration. In our numerical experiment,
z0 = 1.2 mm and �d = 1.2 mm. In each trial, we use
simulated electric field data at 11 spatially uniform positions
and seven sampling frequencies from 0.9 to 1.5 GHz with
the step of 0.1 GHz. Therefore, 77 sets of data are used
in each inversion. Fig. 2 shows how the depth dv of two
spheres and the distance dh between two spheres affect the
reconstructed layered subsurface permittivity. As we can see,
smaller dv leads to a larger error that is mainly contributed
by the retrieved permittivity of the second subsurface layer.
The effect of dh is negligible. The scattered waves from two
spheres become stronger when dv is smaller. They interfere
with the reflected waves from subsurface layer boundaries
and increase the reconstruction error. However, the reflected
waves from the first subsurface layer are strong enough and
thus almost not affected by scattered waves from two spheres.
In addition, because the simulated data used for reconstruction
are provided by an antenna array with the size larger than 1 m,
the change of dv less than 1 m has a negligible effect.

Fig. 2. Effects of dv and dh on the retrieved relative permittivity. (a) Relative
permittivity for different dv and dh values. (b) Error defined in (11) for
different dv and dh values.

Fig. 3. Variations of the RREs between the simulated fields and the predicted
values in the inversion processes. (a) Final RREs for different z values.
(b) Converge curve for the z value when the final RRE in (a) is minimum.

Then, we choose dv = 0.22 m and dh = 0.61 m to
investigate the DBIM convergence process. Totally, we made
400 trials for (12). The final relative residual errors (RREs)
between calculated electric fields and simulated electric fields
when the CG iterations stop are shown in Fig. 3(a). We can
see that the residual error reaches the minimum value when
z = 0.2520 m. Compared with the true position of the
boundary at z = 0.25 m between the second and third layers,
the reconstructed z value is very close with a relative error
of 0.8%. Fig. 3(b) shows the residual error variation versus
the iteration number in the trial for z = 0.2520 m. The
iteration converges fast in the first five steps and then the
residual error decreases slowly. The final residual error keeps
around 1.3%.

The reconstructed relative permittivities εr2 and εr3 when
z = 0.2520 m are 2.178 and 4.548, respectively. Compared
with the true values of 2.2 and 4.8, the relative error defined
in (11) is 4.79%. Based on these reconstructed model parame-
ters, we carry out the FRTM imaging and the result is shown
in Fig. 1(b). Since the FRTM is based on layered-medium
DGFs, we only computed the DGFs for underground layers,
and thus, only the underground structures are imaged. The
boundary position between the second and third layers in the
image is approximately 0.25 m, close to the real position.
In addition, the position of the top surface of the metal sphere
is near 0.15 m, which is the true position. The bottom surfaces
of the two spheres are also visible in the image. Therefore,
in the numerical simulation, we can accurately reconstruct the
dielectric parameters and the layer boundary position of a two-
layer subsurface medium and then use the retrieved parameters
to build the model and reconstruct the buried object with
FRTM.
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Fig. 4. Experimental model with two layers. The IDS antennas are placed
2 cm over the sandpit. (a) Experimental model. (b) Imaging result.

IV. LABORATORY EXPERIMENT

A laboratory experiment is presented in this section.
As shown in Fig. 4(a), we conducted our experiment over a
sandpit and collected a CO GPR profile containing 201 traces
with a step of 1 cm via a commercial GPR system. The IDS
antennas are used and the distance between the transmitting
and receiving antennas is about 4 cm. They are polarized in the
ŷ-direction, and move in the x̂-direction, as shown in Fig. 4(a).
The IDS antenna works with a center frequency of 1.6 GHz
and moves around 1 cm over the sand surface. An air-filled
plastic pipe with a diameter of z cm and a metal pipe with a
diameter of 3 cm are buried in the sandpit. The top surfaces of
the two pipes are around 15 and 20 cm from the sand surface,
respectively, as shown in Fig. 4(a). The dielectric parameters of
the sand are given in [8]. In this experimental model, there is
only one unknown layer, the sand. Therefore, we only need to
retrieve one parameter by using the DBIM before performing
the FRTM.

In the 1-D inversion, we use EM waves radiated by an
infinitesimal electrical dipole and reflected by the underground
layered media to reconstruct the dielectric constants. However,
the output data from the IDS antenna feed port are current
instead of electric fields. Therefore, the measured current data
cannot be directly used to perform 1-D DBIM inversion.
To resolve this issue, we adopt the method proposed in [23].
It is assumed that the current signals at the antenna feed port
are proportional to the co-polarized electric fields excited or
received by a unit dipole source in the frequency domain. This
is valid for the data collected in the low-frequency range in
our experiment. In this way, we have

I air
r = C0 ŷ · Eair(rr , rs) (13)

and

I tot
r = C0 ŷ · Etot(rr , rs) (14)

Fig. 5. (a) Normalized measured Ir and (b) calculated Ey spectra for the
measurement right above the metal pipe buried in sandpit.

Fig. 6. (a) Normalized measured Ir and (b) calculated Ey in 11 spatially
uniform sampling positions over the sandpit when the operation frequency
is 1150 MHz.

where I air
r represents the measured antenna port current in

the air when the underground layered structures are absent,
while I tot

r is the measured current when the underground
layered structures are present. Eair and Etot denote the electric
fields excited by unit dipoles in the aforementioned two
scenarios, respectively. C0 is a frequency-dependent constant,
which represents the ratio of current to electric field. Before
inversion, we can acquire Eair by analytical calculation, and
then Etot

y is obtained by

Etot
y (rr , rs) = I tot

r · Eair
y (rr , rs)

I air
r

(15)

which will be used as the measured field data to perform the
DBIM inversion.

Fig. 5(a) and (b) shows the normalized magnitudes of
measured Ir spectra right above the buried metal pipe and the
corresponding calculated Ey . We can see that the difference
shown for the measured current when the sand is absent and
present is appropriately reflected in the electric fields. In this
letter, we use the measured data when the operation frequency
is lower than 1.2 GHz since the IDS antenna behaves more
like a dipole antenna in the lower frequency band. On the other
hand, the magnitude variations of Ey and Ir versus 11 spatially
uniform sampling positions over the sandpit for the frequency
1150 MHz are shown in Fig. 6. We can see that the variations
in the total current and electric fields in different positions are
not very sharp, which are actually caused by the CO GPR
measurement. In the inversion, we use data sampled at these
11 positions for two sampling frequencies, 500 and 1150 MHz.
Therefore, there are totally 22 sets of measured data used in
the inversion.

Fig. 7 shows the convergence curve of DBIM when E tot
y

from (15) are used as the measured data. After around
three iterations, the RRE approaches 6.6% and keeps almost
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Fig. 7. RREs of the computed total fields compared with the measured data
versus the number of iterations.

unchanged. The retrieved relative permittivity is 3.2, which is a
little larger than the true value 3.0 of dry sand. Fig. 4(b) shows
the FRTM imaging result based on the retrieved permittivity.
The buried plastic pipe and the metal pipe are clearly imaged,
and they are around 0.15 and 0.2 m from the sandpit surface,
respectively, which are consistent with the true positions.

V. CONCLUSION

In this letter, the 1-D DBIM and FRTM are combined to
reconstruct the layered subsurface medium parameters as well
as the buried object images. The FWI method DBIM and
RTM in the frequency domain are jointly applied to the GPR
data. The 1-D DBIM was originally proposed to reconstruct
the conductivity of the underground layered medium and is
modified slightly in this letter to determine the background
permittivity for FRTM imaging. To verify the accuracy and
reliability of the proposed joint algorithm, we not only perform
numerical tests but also conduct a laboratory experiment in a
sandpit. Although the subsurface layer boundary position is
determined by a series of trials in the numerical experiment,
the result is precise and the reconstructed subsurface structure
is close to the true scenario. In the laboratory experiment,
the subsurface medium is homogeneous, and the electric
fields are obtained by assuming that they are proportional to
the measured current in the antenna feed ports in the low-
frequency range.

Although this is the first attempt to combine the 1-D
FWI DBIM with FRTM, the reliable reconstructed results
in both the numerical and laboratory experiments imply the
potential applications of the proposed joint method for sub-
surface detection. The future work will be focused on two
aspects: 1) improve the 1-D DBIM to invert for both the layer
positions and dielectric parameters and 2) improve the FRTM
to reconstruct buried objects in a circumstance with large
conductivity to account for high moisture. A heuristic work
has been accomplished in [24] but in the time domain. We will
perform the loss compensation in the frequency domain.
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